In quantum many-body system, dimensionality plays a critical role on type of the quantum phase transition. In order to study the quantum system during dimensional crossover, we studied the Bose-Hubbard model on cubic lattice with anisotropic hopping by using the high order symbolic strong coupling expansion method. The analytic series expanded boundaries between the Mott-insulator and superfluid phase up to eighth order are calculated. The critical exponents are extracted by Padé re-summation method, which clearly shows the dimensional crossover behavior. Meanwhile, the critical points at commensurate filling can also be obtained, and they match well with the prediction of renormalization group theory. The scaling of the gap energy and whole phase diagram are given at last, and they can be taken as the benchmark for experiment and numerical simulations in the future study.
I. INTRODUCTION
Ultra-cold bosonic atoms trapped in the optical lattice [1] , which is described by the Bose-Hubbard model [2, 3] , is considered as a good platform for quantum simulation due to its flexibility and fine-tunability of various quantum parameters [4, 5] . By interfering three laser beams which perpendicular to each others and their counter-propagating ones, the 3D optical lattice can be constructed, and the quantum phase transition (QPT) [6] between Mott-insulator and superfluid phase can be easily observed with time of the flight by tuning the strength of the laser beams (equivalent to depth of the lattice potential) [1] . Meanwhile, the different dimension of the system can be achieved by varying the strength of the laser beams in different directions [7, 8] . As the statement of Mermin-Wagner theorem [9] , the type of phase transition is highly related to the dimensionality. In one dimension, the Mott-insulator and superfluid QPT belongs to Berezinskii-Kosterlitz-Thouless (BKT) universality class, and it results in the re-entrance behavior near the tip of Mott lobe [7, 10] . Moreover, the Bose-Hubbard model in higher dimensions (d ≥ 2) can be analytically solved with mean-field approach [2] , and the QPT is numerically verified to be (d+1)D XY universality class [11, 12] .
Then, these motivate the research of dimensional crossover for ultra-cold bosons in optical lattice [7, 8, [13] [14] [15] [16] [17] [18] [19] [20] , which can be easily experimentally realized by coupling arrays of 1D bosonic tubes [17] . Basing on the mean field theory, renormalization group (RG) approach [13, 14] and quantum Monte-Carlo (QMC) simulations [16, 18] , for 1D to 2D dimensional crossover, the BKT type QPT only exists in exactly one dimension. It means infinitesimal inter-site tunnelling in other directions will * Corresponding author:zhangxf@cqu.edu.cn turn the transition to be XY type in the thermodynamic limit [21] . In addition, the changing of critical points at the commensurate filling are numerically demonstrated to be well described by RG method [13, 14, 22] . However, it is difficult to numerically study the QPT of 1D to 3D dimensional crossover, because of drawbacks of different numerical approaches [23] .
In this paper, we use high order symbolic strong coupling expansion method (HSSCE) [24] [25] [26] to study 2D arrays of coupled 1D tubes of ultra-cold bosonic gas, where the inter-tube coupling is varied from zero to the same value as the intra-tube coupling, so that the system can be detuned from 1D to 3D. Basing on the processchain algorithm [25] , strong coupling expansion [24] and symbolization, the HSSCE can give the symbolic series expansion function of the critical line between compressible phase (Mott-insulator) and incompressible one (superfluid) up to very high order for different atom filling number and anisotropy (up to eighth order in this work, see Appendix.A). In previous work Ref. [26] , we implement HSSCE to isotropic 1D, 2D and 3D Bose-Hubbard model, together with Padé re-summation, we get very accurate phase boundaries, which are non-distinguishable from numerical results, and also the critical exponents obtained from the function of charge gap. Thus, we expect the HSSCE can also provide the high accuracy results of the anisotropic 3D Bose-Hubbard model, which is not only benefit for understanding the QPT and its universality class during the 1D to 3D dimensional crossover, but also used for benchmark of the experiments and numerical simulations.
This paper is structured as follows. In Sec.II, after briefly introducing the anisotropic 3D Bose-Hubbard model, we describe how to implement the HSSCE on this model, especially dealing with the anisotropy. Then, by listing the eighth order symbolic results in Appendix A, we discuss the universality class of phase transition changing during the 1D-3D dimensional crossover in Sec.III, and give the quantum phase diagram of Mott-insulator to superfluid phase for different filling and anisotropy. Meanwhile, we demonstrate the tip of Mott lobe fulfills the RG prediction for different filling. At last, we make a conclusion in Sec.IV.
II. MODEL AND METHOD
The model we considered is the Bose-Hubbard model on cubic lattice with anisotropic hopping amplitude:
where the hopping amplitudes in x direction is t and in y, z directions are αt with the anisotropic parameter
is the creation (annihilation) operator on site i;n i is the local density operator; U is the on-site two-body interaction which can be detuned with Feshbach resonance and µ is the chemical potential. When α is equal to one, the system is isotropic in three dimension. While in another limit α = 0, all the hoppings in y and z directions are shut off and 2D array of Bose-Hubbard chains are decoupled, so that the system can be treated as 1D. In both limits, there exist the QPTs between Mott-insulator and superfluid phase. The upper (lower) phase boundary of the Mott lobe is caused by particle (hole) excitation, and the dynamical exponent is z = 2, while at the tip of lobe, the effective particle-hole symmetry leads to z = 1 [2] . The whole phase diagrams can be obtained with degenerate perturbation theory named strong coupling expansion method [24] .
Taking the hopping matrix as the perturbative term, the strong coupling expansion method aims to calculate the energies of the ground state and single-particle (hole) excited state in the Mott-insulator. Then, the series expansion function of the upper (lower) phase boundary can be obtained by comparing the ground state energy with single-particle (hole) exited one. However, the exponential increment of the calculation for higher orders prevents reaching high precision.
Similar to the Feynman diagram calculation, the process chain approach [25] takes advantages of the Kato representations to diagram the perturbative contributions in each order. After simplifying the diagrams by considering the different symmetries (e.g. point symmetry) and topology, the number of diagrams can be significantly decreased. Then, we can achieve very high order (e.g. 10th order [26] ) by numerically computing each diagram. Meanwhile, the whole process is symbolized in our previous work [26] so that the results can be considered as exact Taylor expansion of the phase boundaries, so it can provide more accurate analysis of the QPT. Considering the computational resource consumption is more sensitive to the orders than dimensionality, the HSSCE is very suitable for quantitatively studying the QPT during the dimensional crossover.
The algorithm and source code of HSSCE are described and given in previous paper Ref. [26] . Extending HSSCE to anisotropic system is pretty straight forward, the difference is simplification of the diagrams. Due to the anisotropy of the system, the point symmetry is lower than before, so the numbers of the equivalent diagrams are less than before. Thus, the calculation requires more computing hours than isotropic case. After comparing the perturbative energy of ground state and singleparticle (hole) excited state, we obtain the upper and lower boundaries:
where the coefficient of boundaries are β (k)
i,j (k) which can be symbolically output by HSSCE and listed in Appendix.A up to eighth order.
III. RESULTS
The HSSCE is a symbolic algorithm, as presented in Eqn.2 and the Appendix.A, the results can be considered as the analytic Taylor expansion of boundaries for all the parameters. However, the boundaries have the singularities exist at the tip of Mott lobe. It means that only the phase transition in the strongly coupled region t/U ≪ 1 can be well described by the raw date, but not around the singularities. However, as the most important part of the QPT, the universality class can be well detected by checking the scaling behaviour of the gap energy ∆ = µ p − µ h with respect to the quantum parameter t/U around the tip of lobe. Thanks to the Padé re-summation method, the behaviour of the singularity can be reappeared. In one dimension, the re-entrance behaviour demonstrates the BKT universality class, and the critical exponents zν can be obtained for higher dimension in which the phase transition belong to the (d+1)D XY universality class [26] . For the anisotropic system at finite temperature, there exists the dimensional phase transition from the 1D Luttinger liquid to the 3D Bose liquid [8] . In comparison, at zero temperature, the condensation can exist for arbitrary small anisotropic parameter α, so the QPT for 1D-3D dimensional crossover region should be belong to 4D XY type except pure 1D point α = 0 which belong to BKT type [21] .
In the thermodynamic limit, the charge gap of Bose-Hubbard model in d≥ 2 dimension follows the power law scaling ∆ = A(t)(t c − t) zν [2] , where A(t) is a regular function and z, ν denotes the critical exponents which characterize the scaling of long range correlation. Thus, the logarithm of charge gap
has a simple pole t c and could be determined by Padé re-summation method:
The coefficients a n and b m could be calculated by fitting with the restriction n max + m max = 8. Here we choose the most nature way n max = m max = 4. The real, positive simple pole gives the critical hopping amplitude t c at the lobe tip or commensurate fillings, while the corresponding residue yields the critical exponent zν.
We show the critical exponents zν for different filling and anisotropy in Fig.1 . When α 0.1, the results demonstrate the phase transitions are of 4D XY type universality class with critical exponents same as the isotropic 3D case zν ≈ 0.5625. However, when approaching to the 1D limit, the fitting of critical exponents start to be invalid. Such phenomena are not related to the filling numbers, and we think they result from the limitation of perturbative orders. As shown in Appendix.A, for each perturbative term, each element of coefficient matrix are also series expanded with respect to α. Thus, when α is less than 0.1, the high power order of α will contribute less, and it means the result is more like the 1D case. To make the XY type fitting still work for strong anisotropy, the higher order terms are necessary.
In one dimension, the Bose-Hubbard chain undergoes the BKT QPT, and the charge gap fulfils exponential 
is a regular function, W is the fitting parameter and t c is the critical point which could also be captured by Padé re-summation of [log ∆(t)] 2 . As shown in the inset of Fig.2 , when α = 0.05 is smaller than 0.1, the charge gap function with XY-type fitting exhibits a rounded tip which highly conflicts with the sharp shape in one dimensional system. In order to depict the whole anisotropy region in a proper way, as shown in Fig.2 , we adopt XYtype and BKT-type fitting for α ≥ 0.1 and α < 0.1, respectively. We can find the charge gap function changing from rounded to sharp when decreasing α, and it demonstrates the scaling behaviour changing during the dimensional crossover. Considering the high accuracy of the HSSCE, our results of charge gap function can also be taken as benchmark for numerical simulations [10] [11] [12] and experiments [1, 7] . The anisotropic 3D system can be treated as 2D array of coupled 1D tube. Because the one dimensional Bose-Hubbard model can be well described by the bosonization [27] , the dimensional crossover problem can be analytically solved with help of RG approach [13, 14, 22, 28] . After taking couplings in y(z) directions as the perturbation of the effective bosonized 1D Hamiltonian, the RG equations can be constructed [13, 14, 18, 22] and they provide an analytical relation between anisotropy α and critical point t c for the superfluid to Mott-insulator transition at commensurate fillings:
in which C and b are constants, t 1d c is the critical hopping amplitude of the lobe tip for 1D Bose-Hubbard model, while s is the constant related to the scaling of order parameter. Because the charge gap ∆ ∝ 1/ξ where ξ stands for correlation length, here the constant s is set to be 1.
As shown in Fig.3 , similar to the 1D to 2D dimensional crossover [18] , the HSSCE data of critical points at the tip of Mott-lobes for different filling numbers nearly coincide with the fitting curve with Eqn.5 except the small deviations when α is small. The reason for these deviations is because we use BKT-type fitting for small α which is not consistent with the XY-type universality class concluded by RG theory. The value of constants C and b are list in Table I , and they are less relevant to the filling number. Furthermore, we find the fitting parameter b is very closed to the 1D to 2D dimensional crossover from QMC simulation [18] .
constants n = 1 n = 2 n = 3 n = 10 At last, we discuss the whole phase diagram at incommensurate fillings presented in Fig.4 . Because the HSSCE method gives the series expansion results of upper and lower boundaries, the phase diagram in the grand canonical ensemble are explicit provided. As discussed in our previous paper [26] , in three dimension, all coefficients in different orders are positive, so that there is no exotic behavior observed in the phase diagram. In comparison, in one dimensional system, some of the coefficients are changed to negative, so that three critical points could exist at same chemical potential energy µ/U which is called re-entrance behavior. Such exotic phe-nomena are due to the exponential decay of the gap energy and also reflects the QPT is belong to BKT universality class. In Fig.4 , the phase boundaries are changing from rounded shape to the sharp one. Meanwhile, the re-entrance also can be found for small α which reflects that the dimensional crossover becomes serious when approaching to one dimension. 
IV. CONCLUSION
Taking advantage of the HSSCE method, we get the symbolic series expanded phase boundaries between Mott-insulator and superfluid phase for anisotropic Bose-Hubbard model on cubic lattice up to eighth order. With Padé re-summation method, the related critical exponents zν can be extracted. However, when anisotropy is strong α < 0.1, zν changes drastically. In order to restore the physical process, we reconstruct the phase boundaries by choosing XY type fitting for α ≥ 0.1, and BKT type for α < 0.1. Then, we studied the relation between the critical point at commensurate filling and the anisotropy, and find it matches well with the prediction given by RG theory. At last, we also give the whole phase diagram at incommensurate filling for different anisotropy α.
, and the coefficient of lower boundary is β 
